
§ Differential Forms .

• Basic 1- form in :
da

.

. . -

,
dxn

"

formal symbol
"

.

General 1- form : w=f , dat . . _ +fndxn.fi smooth functions
←

"

wedge
"

• Basic 2- form : dxindxj 1- ≤ iaj ≤ n .

Total # = (1) = ME"
.

General 2-form : w = Ifij dxindxj.fi.j Smooth functions .

icj

In general . Basic b- form : dais .

. - xdxii.
.
V1 ≤ iii. . < in ≤ n

.

Total # = ( H)
.

General k- form :
W = EWIDX-t-E-ii.i.ch/i.r-.-xdXi*.I-- {ii. - - < ik}

.



Denote RHB") = { general ) b- forms } .

"

vector space with CERT
- off

"

with basis dxiit.udx.ie
.

dim -_ ( H )
¥ratic on differential forms .

• Addition :
k- form + k- form k- form
I Ftd×I -1-29-+0×-1 = I 1¥ -19-+1 d✗I
I I I

• Wedge Product :
Let dxindxj = - dxjadxi anti-communism

( ⇒ dxixdxi -_ 0 )

satisfies : ldxindxjltdxk-dxinldxjrdxxlassociative.mn
This extends to a bilinear map : RMB"/ artery > sticky



✗ : dxrdyndz = - dyrdxrdt = dyrdtrdx = -dzrdyidx = dtndxndy = - dxndzady
Ex : W =P dyndt - Qdxadt + Rdxndy c- RTM

, 7-ldxi-Mdy-Ndtc-SHBJWM-EEEY.EE?klmdynk--naw

1¥: WESEN
, Y c- reck ") , then way __ tyke yaw

Pf : By linearity , enough to prove the case w=fd✗iiiud✗i• , 9=9dxj.r-ndxjewxy-f.gdxiii-ndxixndxji-ndxje.TW= gfdxjiinidxjendxind - -
- ddxiie

.

total k.lu transpositions us C-e)
kl

. ☐



• Exterior derivative : let . df 2¥
,
dat - -

- + ¥-nd✗n
.

• dldxi) = 0

This extends to a linear map d : stray > 52*4*7
.

Ex : W =P dyndt - Qdxadt + Rdxndy c- RTM
.

dw = dpndyrdz - doudxrdt + DR ndxndy
= (17+04+14) dxadyndz .

www.dffeuw" .



Pop :(Leibnitz Rule ) : wc-RHBY.ME RIAJ

then dlwiiyl-dwi.nl + C-Handy
☆Theorem :

d2w=0 twerk (B)
.

d.2=0
.

Essentially equivalent mixed derivative -1hm : fij=fji

Def : wc-RH.BY closed form if dw=o .

exact form if w=dy for some York-4112
"

)

exact form ⇒ closed form (dw=dldy)=o ) .

*



In * : Differentiateswww.lusfo-formsi<
=

> Scalar function ,
84df-fxdxf-fydy-ifi.dz ↓ᵈ 9ʳᵈ ↓

<fx.f.fi-fxii-fyi-if.li
1- forms

'
< d×↑.dyj.d+§ Vector field

Pdxtdytkdt f→=< p.d.RS
I

IRY-Q-ldyndt-cpz-Rxldxndz-IQ.PHd✗ndy↓ᵈ "
{ ME

2- forms
' <dY^dt↑idMdt↑.d×%Ñ

vector field
<Ry-04.13--14,0×-137

Pdyidz - Qdxndz +Rdxxdy É=<p.GR >

↓d div ↓{ v

lpxttytkzdxndyndz 3- forms
}

<
d×^ᵈY^ᵈᵗt

> scalar function
R'+4 -1K£

Rmk : d :-O ⇔ 17×61-1=0,76×1--7--0



• Pull- back : Ucam
,
Vaan

. Smooth map 4
: U > V

Hi
,

- -
'Hml rn> (91=91×1; -Hml, - "Yn=QHi;XmD

Given WERKCV) , define 4% c- RYU ) :

• If a-f- c- CTV) =RTV ) , let 6*w=f◦e c-TCU ) = ICU)
m

f- w=dYi c-R'V1 Let 6*w=d4iMi:✗mi=¥, ?¥jd×j c-R'( V)

• In general , 0=-2-1iii. ii. d)inn . - - tidyin c-RYU)

Let Y*w= -297¥ .

;e;) 97dgiii. sayin = -29J , ;;jµd✗jit . _ "d✗jaÑW



Ex
: Cf :

#→ *
2

1h01 m) (✗=rGsO,Y=rsinO )

for w -

- dxndy .
4*00=441×119%91--1000 -dr-rsinodqnlsinodrtra.tl do)

= rdrrdoe
Ex : For general 9 : → A

"

IX, , - - -

, Xn) ms ( Y,Hi . - ixni . '
' -

. Yuki . ;Xn))

for w -_ dyan . . _ ndyn ,
4ᵗw= IF ?¥d✗;) ^ -

- . 11¥ Y÷jd×j )
= detfthi.it#)dxn...ndxn21h

,

- -
. in

wFfaµpiau matrix



Integration of differential form .

Suppose Rapti a region w/ ordered basis thin .in/.R4R1:W=fdxm...rdxn

Define law := /

pfdxijjknchcged-narid.ee
. 9 :U≤ *→ V≤☒

"

th
.

' ' ' ,✗n ) no (Yi - - in )

We learnt formula : fvtmi-itidyi.dyn-fu-HH.im/IYii;-?i!-,/dxi--dxn
It 11

tndiff . form : few = / Hw
(W=fdyn . . . rdyn ) U



Def : M k-dim manifold in ☒
"

if V-pc.tl , 7- an open nghd ft Vpa M

and a diffeomorphism EXEL for some open set Upc Bk .

☒ a ( local ) parametrization
Def : Given west( V1

*
!u¥let fvw :=/ Iw

A-*vk.IR"

More generally , suppose µ Va = M
,
and parametrizations Er : Ux Va

Let { Pa } partitimofwnitymsub.to {Va} .
For wth

"
IMI

,

W =-3 Paan c- ritual
, define 1µW : = -2 fu

.

☒Elk .ws



F'=L P, Q, R>
EX :

§ :[a.b) off→ CCA
}

t.ms Act , yki . tail
↑ ÉÉ.y⇔.ae,>For w = Pdx +0dg + Rdt

few = /
[a.µ

-1-0*101 = /
[am,
Piti -1091+1+122%+1 dt-fc.F.DE .

Ex : ¥ : Uc #→ SARI for w =Pdyndz - Qdxrdt + Rdxady
win → HMMM"" """ I

*w-p.EE/-ctEEk-EEfHdmdu
On the other hand

, for ¥-43042>
✗ ⇒ Jsw -_fu¥w=fu "

ñdr =/ask.EE#EEiddudv



☆G-eneoalitedstokes-ihm.lu kdimmfld . possibly with boundary .JM-tk-H-dim.wc-R%41.dw-s.MN
.

Then /Mdw fomw

Ex
: Fund .

-1hm of line integral .
Green's thin

.

Stokes' thin
, divergent thin .

Icky: For wc-RYMI.MK-dimmfld.fmw=◦ if
w=dy exact and oM=∅

or dw=o and M=8N for some lktitdimmfld N .

Pf : fµuÉ%µy=o ,

or /
µ
!yµ=fµdw=0 ☐


